LOCALLY COMPACT TRANSFORMATION GROUPS(Y)

BY
JAMES GLIMM

In §1 of this paper it is shown that a variety of conditions implying nice
behavior for topological transformation groups are, in the presence of separa-
bility, equivalent. In §2 the continuity properties of the stability subgroups
are studied. The conditions of §1 exclude the line acting on the torus in such
a way that each orbit is dense. They exclude the integers acting on the circle
by rotation through multiples of an irrational angle and they exclude the
group of those sequences of zeros and ones which have all but a finite number
of their terms equal to zero when this group acts on the space of all sequences
of zeros and ones by coordinatewise addition (mod 2). As we shall see in the
proof of Theorem 1, the latter transformation group is a prototype for all
excluded transformation groups. This is analogous to the following fact in
the theory of Rings of Operators: Every factor of type II; contains a hyper-
finite factor of type II,. The conditions were suggested by [3, Theorem 1]
and the proof of their equivalence is somewhat analogous to the proof of [3,
Theorem 1]. However, the proof does not depend upon [3] nor upon the
theory of C*-algebras.

THEOREM 1. Let G be a locally compact Hausdorff topological transformation
group acting on a locally compact space M. (By locally compact we mean that
each neighborhood of a point in M contains a compact neighborhood of the point.)
Suppose that the topologies of G and M have countable bases and that each non-
empty locally compact subspace of M contains a nonempty relatively open Haus-
dorff subset. Then the following are equivalent:

(1) Each orbit in M is relatively open in its closure.

(2) M/G is T.,.

(3) M/G is countably separated.

(4) For each quasi-invariant ergodic Borel measure B, there is an orbit Gm
in M such that B(M~Gm) =0.

(5) There is an ordinal ¥ and an ascending family | Ua} of open subsets of
M/G indexed by the set of all ordinals less than or equal to v such that U=,
U,=M/G,if aisa limit ordinal then Ua=Ua>s Us and if a is not a limit ordinal
and not equal to 0 then Ua~ U,—1 is an open dense Hausdorff subset of (M/G)
~Uq-1.

(6) For each m in M, the map gGn—gm from G/Gn, onto Gm is a homeomor-
phism, where Gm has the relative topology as a subspace of M.
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(7) For each neighborhood N of e (the identity of G), each nonempty locally
compact G-invariant subspace V of M and each nonempty relatively open subset
Vo of V there is a nonempty relatively open subset U of Vo such that for each m in
U, NmN\U=GmNU.

The hypotheses of Theorem 1 which concern M are satisfied when M is
locally compact and Hausdorff and has a countable base for its topology. It
may be useful to apply Theorem 1 to the case where M is the structure space
of a GCR C*-algebra (for a definition of GCR, see [5]). Such an M need not
be Hausdorff or even T3, but it is T, locally compact [2], and every non-
empty locally compact subspace V contains a nonempty relatively open
Hausdorff subset. When M is locally compact, this latter property is equiva-
lent to the following: There is an ordinal ¥ and an ascending family { U.: 2 <7}
of open subsets of M such that Up= &, U,=M, if « is a limit ordinal then
Ua.=Uass Us and if a is nonzero and is not a limit ordinal then Us~ U, is
a dense Hausdorff subset of M~U,-; (cf. [5, Theorem 6.2]). In fact if we
are given the U,'s as above and if V is a nonempty locally compact subspace
of M and if « is the smallest ordinal such that VN U, & then a is nonzero
and is not a limit ordinal, and so VMU, is a relatively open Hausdorff subset
of V. Conversely suppose that each nonempty locally compact V contained
in M contains a nonempty open Hausdorff subset. Suppose inductively that
Us has been chosen for all <a. If a is a limit ordinal, let Uy=Ug>s Us. If
a=0,let Uy=. If @ is not a limit ordinal and is not zero, let U, be chosen
by Zorn’s Lemma to be an open subset of M maximal with respect to contain-
ing Ua,1 and having Us~U,— Hausdorff. Let V be the interior of M~U,
taken relative to M~U,_1. If V& then there is a contradiction involving
the maximality of U, Thus V= and Us~U, is dense in M~U,_;. If a
space M satisfies these equivalent properties then we will say that M is
almost Hausdorff. Returning to the case where M is the structure space of a
C*-algebra, M has a countable base for its topology if the C*-algebra is
separable.

If M is Hausdorff it is possible to associate with the action of G on M one
(or several) C*-algebras. These C*-algebras are the completions, in suitable
norms, of the algebra L defined in [1, p. 310]. If the algebras are GCR then
the above conditions are satisfied. Condition (5) is then motivated by the
following two facts: The structure space of the C*-algebra is related to (and
in general is somewhat more complicated than) the orbit space M/G; the
structure space is almost Hausdorff if the C*-algebra is GCR. Condition (7)
states (roughly) that neighborhoods of e are just as transitive locally as G is.

We suppose that each g in G gives rise to a homeomorphism m—gm of
M, that the map g—(m—gm) is a homomorphism of G into the group of
homeomorphisms of M and that the map (g, m)—gm from GX M onto M is
continuous. G, = { g: gm=m} is the stability subgroup of m; e is the identity
of G. The space M/G of orbits is endowed with the quotient topology. Let 7
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be the map from M onto M/G which sends an m in M onto the orbit Gm
which contains it. We give M/G a Borel structure as follows: E is a Borel sub-
set of M/G if E=w(B) where B is a G-invariant Borel subset of M; the Borel
subsets of M are the elements of the smallest ¢-field containing the open sets.
M/G is countably separated if there is a sequence E,, E,, - - - of Borel subsets
of M/G which separate points of M/G (cf. [6]). A measure v is quasi-invariant
if G preserves sets of ¥-measure zero. It is ergodic if it is quasi-invariant and
if G acting on the measure space (M, ») is ergodic, that is if G acting on the
set of Borel sets modulo the Borel sets of v-measure zero has no fixed points
except for the equivalence classes of M and &.

1. Proof of Theorem 1. (1)=(2): If (1) is satisfied and if Gm; and Gm; are
two distinct points of M/G, either Gmi-DGm; or not. In the second case
GmiNGmy= & and M/G~m(Gmi) is an open set containing Gms but not
Gmy. In the first case there is by assumption an open set U in M containing
Gm, but disjoint from Gm,. V=U{gU:gEG} has the same properties as U
and so we can suppose U is G-invariant. Then w(U) is an open subset of
M/G which contains Gm, but not Gms, and M/G is T,.

(2)=(3): Suppose M/G is T, and let Uy, Us, - - - be a base for open sub-
sets of M. Then E,, E,, - - - is a base for open subsets of M/G, where
E;=7U { gU: gEG}). The sets E; are Borel sets and they separate points of
M/G since M/G is T.

(3)=(4) (cf. [6]): Let Ei, E,, - - - be a sequence of Borel sets which
separate points of M/G, let Fi=n"Y(E;), let H=0N; H,, where H;="F; if
B(M~F,;)=0, Hy=M~F; if B(F;)=0. Then H is an orbit and B(M~H)
< 2 B(M~H) =0.

We introduce a new condition:

(8) For each nonempty locally compact G-invariant subset V of M and each
relatively open nonempty subset Vo of V there is a compact neighborhood K of e
and a relatively open nonempty subset U of Vo such that if gEG, if Uo is a rela-
tively open nonempty subset of U and if gUsC U then KUoN\gUo# .

(4)=(8): We assume the denial of (8) and prove the denial of (4). That
is we assume that there is a nonempty locally compact G-invariant subspace
V of M and a nonempty relatively open subset Vj of V such that for each
compact neighborhood K of ¢ and each relatively open nonempty subset U
of Vo there is a g in G and a relatively open nonempty subset U of U such
that gU,CU and KUongUo-—'Q'.

We observe that a locally compact subset E of M is a Borel set. In fact
if the family { U,: =<7} is as in the paragraph following the statement of
Theorem 1 then ¥ must be countable, since M has a countable base for open
sets. For any ordinal «, the set (EN Uaq1)~ U, is locally compact and so is
a countable union of compact (and therefore relatively closed) subsets of
Uat1~U,. Thus it is a Borel set, and so is
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E= U (ENUs) ~U..
T
It is no loss of generality to suppose that V=M and that V, is Hausdorff.
Let N be a compact symmetric neighborhood of e; let Wy, Ws, - - - be a base
for open sets in M. We choose compact subsets U(4y, * - « , ts) of M with non-
empty interiors and elements g(n) of G, where #t=0o0r 1 and n=0, 1, - - -,
which satisfy

(1.1) UGy - - -y b1, ) C UGy, - - -, dem1),
(1.2) U, fesyy * + 5 i) = UOuoy 1, iy =+, 8); 1Ss<m,
(1.3) NUGyy » -+ i) UGy -+ yjr) = 2 unless 4y =34y, -, 4 =7,
(1.4) if j £ r then either:

UG -+, CW; or Uy -, i) N\NW;=¢

if r21, where 0, is the family of r zeros.

Let U(J) be a compact subset of V, with a nonempty interior, let g(0) =e
and suppose inductively that # is a non-negative integer and that
Ui, - -, %) and g(r) have been chosen for r =0, -, n and that
(1.1), - - -, (1.4) are satisfied if r=1, - - -, # and that U(0,) has a nonempty
interior. If =0 the inductive hypothesis is true. If >0, let

K= U gl g™ Nglr) - g0

1gr< » <rysn

where the union is taken over all monotone increasing ordered subsets
{r, -+ -, r}of {1, -, n}. If =0, let K=N. By assumption there is an
open nonempty subset U, of Int U(0,) and a g in G such that gU,CInt U(0,)
and KUyNgUo= . Let g(n+1) =g, let U(0n11) be a compact subset of Uy
with a nonempty interior and chosen so thatif 1 Sj<n+1and if {rl, cee, r.}
is any monotone increasing ordered subset of {1, - - -, n+l} then either
g(r) « - - g(r) U(Onyn) CWj or g(ry) - - - g(r)) U(Ouy) "NW;= .

Let {1'1, I in+1} be a sequence of zeros and ones, let k, be the position
of the rth 1 in this sequence. Let U(s1, * - -, tas1) =g(R1) - - * g(ke) U(Onyr)
where ¢ is the number of ones in {il, ceey, i,.,q}. Then (1.4) is satisfied for
r=n+1. If B;#n+1 then (1.2) implies that

(1.5) Uiy, « -+, n) = g(ka) - - - g(k)U(04)
and since U(Ony1), g(n+1)U(0.41) CU(0,), (1.1) is satisfied for r=n-+1. If
%, + + *, 8,=0, then
g)U Oy, gy, * =+ 5 ng1) = g()g(R1) - - - g(k)U(Onsr)
= U041, 1, teyy, - - - ;in+1)

and (1.2) is satisfied for r=n+1. It suffices to prove (1.3) when i, =3, - - - , i,
=jn, tnp1=0 and juy1=1 (since N=N-1). Then



128 JAMES GLIMM [October

Uiy, * + -, iny 0) = g(k1) - - - g(k) U(Ony),
UGGy » * + 1 Jmy 1) = g(ka) - - - g(R)g(n + 1) U(Ons1),
and since
» KU(Qusr) N g(n + 1)U(0py1) = I,
we have
Ng(ky) - - - g(k)U(Onsr) M g(ky) - - - g(R)g(n + 1)U (Onyr) = F

and (1.3) is proved for r=n+1. This completes the induction and so the U’s
and g's can be constructed.

Let
Vin) =U{U(Gy - -,i):i1=00r1,---,i, =0 or 1},

let C=N, V(n),let C(sy, + - -, 4a)=CNU(s, - - -, 4.). Let X be the set of
sequences of zeros and ones with the topology of pointwise convergence; we
construct a homeomorphism ® of C onto X. If {i,.} EX thenN, C(s, - - -, 1)
contains exactly one element, c({i,,]). In fact the sets C(s, - - -, 4,) are
closed relative to the compact set U(Q) (since U() is Hausdorff) and these
sets have the finite intersection property. Furthermore, if ¢ and ¢, are in
N, C(4, + + -, ia) then by (1.4), ¢ and ¢, are not separated by W; for any j.
Since M is To and Wy, W, - - - is a base, c=co. Let ®(c({ia})) =4a;  is a
one-one map of C onto X. The inverse image of the basic open set
{ {i,.} th=ay, - ¢, ik=ak} is C(ay, + - -, ax), which is relatively open in C.
Thus ® is continuous, and @ is a homeomorphism since C is compact and X
is Hausdorff'. The set of intersections with C of the Borel subsets of M is the
set of Borel subsets of C and this is the set of inverse images under ® of the
Borel subsets of X. Thus we can define a unique Borel measure A on M by
the formulas

MCGy, - -+ 5 da)) = 27
MM ~C)=0.

Let v be a finite measure on G, equivalent to Haar measure, and if B is a Borel
subset of M, let

(1.6) B(B) =f)\(hB)dv(h).

We show that the integral in (1.6) exists. Let U denote the interior of
U(Z). Since Cis compact and CC U there is a symmetric open neighborhood
P of e such that PCCU. If f is a real valued function defined on U and if f is
continuous and has compact support relative to U then the function

h—f(h)| C
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which maps % onto the restriction f(h-)| C to C of the function m—f(hm) is
a continuous function of %, in the topology of uniform convergence for func-
tions on C, provided k€ P. Thus

h— f f(hm)d\(m)

is a continuous function of &, for hEP,

Let K be a compact subset of U, let xx be its characteristic function, let
xp be the characteristic function of P. There is a monotonically decreasing
sequence f, of continuous functions defined on U and with compact support
relative to U which converges to xx pointwise. Then

xeINRE) = x08) [ xaxmarm) = x08) [ xa(h-im)incm)

= x#(h) lim f Fl-tm)dn(m)

and so xp(k)A(kRK) is a measurable function of k. Let 8 be the set of Borel sub-
sets B of M for which xp(k)A(hB) is a measurable function of . Then § con-
tains the compact subsets of U and since there is a sequence of compact sub-
sets of U whose union is U, § contains the relatively closed subsets of U.
Since 8 is closed under monotone limits, $ contains the Borel subsets of U and
since $ contains any Borel set disjoint from U, § is the set of Borel subsets of
M. There is a sequence g1, g2, * * - of elements of G and a sequence Py, Py, - - -
of Borel subsets of P such that the sets Pig1, Pags, - - - are disjoint and such
that their union is G. If B is a Borel subset of M then

AN(kB) = i xP.a:(W)\(hB)

Y=l

= 2 xr.(hgr)\(hg'g:B),
fm]
which is a convergent sum of translates of the measurable functions
xp,(B)\(kg:B) and so is measurable. Since 0 <A(hB) =1, the integral in (1.6)
exists, and is non-negative and finite, and it is easy to see that the integral
in (1.6) defines a nonzero finite Borel measure 8 on M.

B is quasi-invariant since 8(B) =0 iff N(kB) =0 for a.e. h iff A(hgB) =0 for
a.e. h iff B(gB) =0. There is a sequence Ay, hs, + - - such that Nihy, Niks, - - -
is a cover for G, where N; is some neighborhood of e such that Ny(Ny)~*CWN.
If m is in M and if nikom, nshym & C for some n, and 7, in Ny then mhm,
nshim belong to the same sets U(4y, - - -, 4,) by (1.3) and are equal by (1.4).
Thus GmNC is countable and so A(kGm) =\(Gm) =0 and B(Gm) =0. Hence
there is no orbit Gm for which B(M~Gm) =0.
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We show that G acts ergodicly on M with resepect to 8, and this will com-
plete the proof of (4)=>(8). Let R be a Borel subset of M such that B(RAgR)
=0 for all gin G. Let

o(2)(h) = MAR)
a(iy, - - -, ia)(B) = NERN UG, - - - » ¥n)).

Then
l a(ih R} iu)(h) - a(il) ) in)(hg)l
= [ AMERN UGy, - -+, ia)) — MBgR N\ Ui, - -+, ) |
=< )\([hRm U(il, ity in)]A[thn U(“l, ) in)])
= M[BRARGRI N\ UGy, + * + ,in)) S N(hRARGR) =0  fora.e. h,

and s0 a(s, - - -, 1a)(*)=a(4, - - -, 4a)(-g) a.e. Since G acting on itself by
right translations acts ergodicly, a(s, + - -, ta)(*) is equal a.e. to some con-
stant A(41, - -+, 1a), and the same proof shows that a(&)(+) is equal a.e. to
a constant A ().

We let g=g(ky) - - - g(k¢) where ki, - - -, k¢ are chosen as in (1.5), and it
then follows from (1.2) that

L VA o in+v) = gU(On, dns1, - * * y Gntp)
and so
MBNU04) = MgBN Uiy, + * -, in))
for all Borel sets B. For a.e. &,
A0,) = NARNU0,)) = NghRN U4y, + - -, 4n)) = A8y, + * +, tn).

Since A(g) = Z"lv"'v‘ﬂ A(ih R iﬂ) fOl' each n, A(‘il, c oty i'!) =2—.A(g)
and it follows that there is a subset T of G of measure zero such that if A& T,
then

NBRN Uiy, * -+, i) = 27°A\(kR).

It is well known and easy to prove that this implies that for A& T, A(hR)
€f{o0, 1} (cf. [4, p. 201, problem (3)]). Thus either A(2R) =0 for a.e. & or
MAh(M~R))=0for a.e. k and either B(R) =0 or (M ~R) =0, and B is ergodic.

We remark that since 8 is finite we have actually proved (4’)=(8) where
(4') is the condition obtained from (4) by adding “finite” in front of “Borel
measure” in (4).

(8)=>(6): We assume the denial of (6) and we prove the denial of (8).
That is, we assume that there is an m in M such that the map 8 given in (6)
is not a homeomorphism. Let V=Gm—; it is no loss of generality to suppose
that Gm—= M. Let Vo= M, let U be a nonempty open subset of M, let K be
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a compact neighborhood of e and let p be in UNGm. Since M is almost Haus-
dorff, M contains a dense open Hausdorff subset. This subset meets Gm and
so each point in Gm has a dense open Hausdorff neighborhood. Since Kp is
compact, there is a finite number W, - - -, W, of dense open Hausdorff sub-
sets of M which form a cover for Kp; their intersection W is dense and open.
Thus WNU# ; since this set is open, WNUNGm#= . Let g€ WNU
NGm. Since 0! is not continuous at ¢, there is a sequence g, g2, - - - in G
such that ggim € WN U and gim—q but g;Gm not —hsGa, where ks is an element
of G such that hym =gq. Choose h; in G so that lym = p. Suppose gim EKp for all
i. Then g,Gn € KhGn and so the sequence {g.Gn} has a limit point kG in
KmGu~{hGn} for some kEK. Thus {6(g:Gn)} = {gsm} has a limit point
kp in Kp~{q}, and so there is a subsequence of g.-m} converging to the
distinct points ¢ and kp. However, for some j, ¢ and kp are in the same
Hausdorff open set W, a contradiction, and so gim & Kp for some 4. Choosing
such an ¢, we assert that Kp and g have neighborhoods V; and V, respec-
tively which are disjoint. In fact if kp &€ Kp then kp &€ W; for some j and since
W; is Hausdorff, kp and g:m have open neighborhoods Viz and Vigs respec-
tively which are disjoint. By the compactness of Kp, there is a finite subset
K, of K for which the set V1=U{ Vis: kEKo} contains Kp. Vi is a neighbor-
hood of Kp and it is disjoint from the set Vo=N{ Vip: EEK,}, which is a
neighborhood of gim. There is an open neighborhood U, of p contained in U
such that KU, CVy, gihitUoCV, and gihitUoCU. (Observe that gim
=g;hi'p). We let g=g;hi!; then KUNgU,C VoM Vi= & which contradicts
(8) and so (8)=(6).

We introduce a new condition:

(9) For each neighborhood N of e, each nonempty locally compact G-invariant
subspace V of M and each nonempty relatively open subset Vo of V there is a
nonempty relatively open subset U of Vo such that if gEG and if U, is a non-
empty relatively open subset of U such that gUyC U then NUNgUp= &.

(6)=(9): We assume the denial of (9) and prove the denial of (6). That
is, we assume that there is a neighborhood N of e, a nonempty locally com-
pact G-invariant subspace V of M and a nonempty relatively open subset
Vo of V such that if U is a nonempty relatively open subset of V, then there
isa g in G and a nonempty relatively open subset Uy of U such that gUyC U
and

(17) NUof\gUo=,®'.

It is no loss of generality to suppose that V=M and that V,is Hausdorff.
We choose by induction compact subsets E(n) of V, with nonempty interiors
and elements g, of G for n=0, 1, 2, - - - such thatif W;, W,, - - - are a base
for the topology of M then

(1.8) gap1iE(n+1), Em+1)CE(n), n=0,1, - - -.

(1.9) NE(n)Ng.E(n)y=&, n=1,2, - - -.
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(1.10) If n2=j then either: E(n) CW; or Em)N\W;=&.

Let E(0) be a compact subset of Vo with a nonempty interior, let go=e. If
E(n) and g, have been chosen for some 720, let U be the interior of E(n)
and choose a g=ga41 in G and a nonempty open subset U, of U such that
gaaUoC U and (1.7) is satisfied. Let E(n+1) be a compact subset of U, with
a nonempty interior and such that (1.10) is satisfied for n+41. Then (1.8)
and (1.9) are satisfied for n+1.

Since E(n) is relatively closed in E(0) and since E(0) is compact, there is
an m in N, E(n). It follows from (1.10) that g.m—m and from (1.9) that
gom & Nm for any n. Thus Nm is not a neighborhood of m relative to Gm;
the map given in (6) is not a homeomorphism.

(9)=(7): We may suppose V=M. Let N and V, be given asin (7). Choose
a compact neighborhood M, of e contained in N and nonempty open Haus-
dorff subsets Wy and W, of V, such that N W, C Wa. Let U be chosen by (9)
applied to the neighborhood N; and the open subset W of V=M. Let m
be in U, let Uy, Us, - - - be a decreasing open basis for neighborhoods of m
and let gm be in GmNU. For large 4, U;CU and gU;CU and so there are
m; and n; in U; and an &; in N; such that km;=gn,;. There is a subsequence
hiay, hiy, + + - Of by, By, - -+ such that h;u) tends to some k in Ni. Since
hm& N\ Wy C W, and since W, is Hausdorff,

hm = lim h;(,,)m.-(g) = lim ENix) = gM,
7 3

and so NmN\UDGmNU; NmN\U=GmNU.

(7)=>(5): As in the paragraph following the statement of Theorem 1, it is
sufficient to prove: For each nonempty locally compact G-invariant subspace
V of M there is a relatively open nonempty G-invariant subset W of V such
that 7 (W) is Hausdorff. It is sufficient to prove this when V=M, and assum-
ing this let V, and V; be nonempty open Hausdorff subsets of M and let N
be a compact neighborhood of ¢ and let Vo, Vi and N be chosen so that
NVoC V1. Let U be chosen by (7) and let W=U{gU: gEG}. Let Gm, be a
sequence of orbits in m(W) converging to Gs and Gt, where Gs and GtEw(W).
We must prove that Gs=Gt; we can suppose s, tE U. Let Sy, Sy, - - - (resp.
Ty, T, - - -) be a base of open neighborhoods of s (resp. £) such that S CU
and T CU for all k. If k is chosen and if 4 is sufficiently large then Gm;
Caw(Sk) and Gm; Cr—'n(T:). Thus there is an m(k) in U such that m(k)
€S and a g(k) in G such that g(k)m(k) € T. By (7) there isann(k) in N such
that n(k)m(k) =g(k)m(k). Passing to a subsequence of the %'s if necessary,
we can suppose that n(k)—n for some # in N. Then

lim n(k)m(k) = ¢,
4

lim n(k)m(k) = lim n(k) lim m(k) = ns.
9 E :
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Since ¢ and ns both belong to the open Hausdorff set Vi, this proves that
t=ns, Gs=Gt, and so 7(W) is Hausdorff.

(5)=>(1): If m& M, there is a smallest a such that Gm C U,. Since Gm~ is
G-invariant, Gm~=7~'({Gm}~). (Observe that {Gm} is a subset of G/M.)
Since {Gm}E(M/G)~Ua, {Gm}~C(M/G)~Uay (a cannot be a limit
ordinal). Since Us~Ua_1 is Hausdorff, {Gm}~N\(Us~Ua._)={Gm}. Thus
{Gm}‘ﬂ U.= {Gm}, Gm~N1~Y(Us)=Gm and Gm is relatively open in
Gm~. This completes the proof Theorem of 1.

The proof of (8)=(6) raises the question: If G and M satisfy the hypoth-
eses of Theorem 1 and if mEM, is Gm Hausdorff? If (6) is satisfied the
answer is yes, since G/Gn is Hausdorff. In any case Gm is T.

It is now easy to see that (3’) is equivalent to the previous conditions,
where (3’) is the following:

(3") If B is a finite Borel measure on M then there are G-invariant Borel
subsets N, Ey, E,, - - - of M such that B(N) =0 and w(E,), 7(E,), - - - separate
points of M/G~m(N).

In fact (3)=(3’), it is easy to see that (3')=(4'), and we have already
observed that (4’)=>(8). If o is a multiplier for G [7, p. 267], if K is a closed
normal subgroup of G and if K (defined in [7, p. 272]) is type I then K¢
and the natural action of G on K satisfy the hypothesis of Theorem 1. 3)
in the case M=K is the statement that K is o-regularly imbedded in G [7,
p. 302], and so Theorem 1 provides a number of properties equivalent to K
being o-regularly imbedded.

2. The stability subgroups. Throughout this section we suppose that M
is Hausdorff. Let m be in M, let N be a neighborhood of the identity of G.
Then we say that the stability groups are continuous at m if for every sequence
{m:} in M converging to m and for each g in G there is a sequence {g;} such
that g;EGn, and g;—g; we say that the stability groups jump by no more than
N at m if for each sequence {m;} in M converging to m and for each g in G
there is a sequence {g;} such that g;&NG,, and g,—g. The conditions of
Theorem 1 are neither necessary nor sufficient for the continuity of the stabil-
ity groups at each m in M. Each of the transformation groups mentioned in
the introduction has the property that G.= {e} for each m, and so for these
groups the stability groups are continuous. On the other hand if G is the
circle group acting by rotation on the plane M then G and M satisfy the con-
ditions of Theorem 1 but the stability groups are discontinuous at the origin.
If the conditions of Theorem 1 are satisfied then we prove that there is some
continuity in the stability subgroups.

THEOREM 2. Let G and M satisfy the hypothesis and the conditions (1), - - -,
(7) of Theorem 1, let M be Hausdorff. Let N be a neighborhood of the identity of
G. There is an open dense subset U of M such that if mE U then the stability
groups jump by no more than N at m. There is a subset P of M such that M~P
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is of the first category in M and such that if mE& P then the stability groups are
continuous at m. '

Let U be the union of the open subsets of M upon which the stability
groups jump by no more than N. The stability groups jump by no more than
N at the pointsof U. If Uis not dense then Vo= M~(U") is a nonempty open
subspace of M. Let U; be the U chosen by condition (7) of Theorem 1 in
the case V=M. Let m be in Uy, let {m;} be a sequence in U, converging to m,
let g be in Gm. Since gm=m& Uy, gm:&€ U, for all sufficiently large ¢. Thus
nm;=gm;, m;=n7'gm; and n;'gEGn, for some n; in N. Hence gE NG, for
large ¢ and so the stability groups do not jump by more than N at the points
of U; and also at the points of U\JU;. This contradicts the choice of U and
so U is dense in M. v

Let Ny, N,, - - -+ be a base for neighborhoods of ¢, let U; be an open dense
subset of M upon which the stability groups have jumps no larger than N;,
and let P=N; U;. Then M~P is of the first category. Let m be in P, let
{mk} be a sequence in M converging to m and let g be in Gm. For each & let
1+ = 1(k) be the largest integer less than k and such that if p = & then
gENTIN,Gn,, if such an 7 exists; if not, let +(k) =0. If s is a positive integer
then m; is eventually in U, and g=1im kh; where h & N,Gn,. Since h; is even-
tually in N,g, gE N, 'N,Gn, for large k, and so (k) = s for large k. For each %
choose a gi in G, and an n; in Ngg)Nig) such that g=mnig:. Since i(k)— o,
ny—e and g =1lim g;. This proves that the stability groups are continuous at m.

We show that it may not be possible to choose P open. Let G be an infinite
direct product of groups {0, 1}, let M be an infinite direct product of inter-
vals [—1, 1]. Let the action of G on M be given by each factor {0, l} of G
acting by reflection about the origin on the corresponding factor [—1, 1] of
M. Let m= (%1, %s, - - - ) bein M. Then Gn= {e} if and only if x;70 for all 5.
If P= {m= (%1, %2, - - - ): 250 for all i} then it follows that the stability
groups are continuous at m if and only if m&P. Since the complement of P
is dense, the only open set upon which the stability groups are continuous is
the empty set. The G of this example is not a Lie group.

THEOREM 3. Let G and M satisfy the hypothesis and the conditions (1), - - -,
(7) of Theorem 1 and suppose that M is Hausdorff and G ts a Lie group. Then
there is a dense open subset P of M upon which the stability groups are continu-
ous. : i '

Let P be the union of the open sets upon which the stability groups are
continuous. Then P is open and G-invariant and the stability groups are con-
tinuous on P. To prove that P is dense we assume the contrary and consider
the action of G on Int(M~P) (which, by our assumption, is nonempty). It
suffices to prove that Int(M~P) contains a nonempty open set upon which
the stability groups are continuous, since this contradicts the choice of P.
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Since the action of G on Int(M~P) satisfies the hypothesis of Theorem 3, it
suffices to prove that under the hypothesis of Theorem 3, there is a nonempty
open set upon which the stability groups are continuous.

Let Gmo be the identity component of G,. We show that dim Guo is an
upper semicontinuous function of m. Let W be a neighborhood of zero in the
Lie algebra g of G such that exp | Wis 1 —1. There is a basis x1, + « - , xs for
g such that if |a.~| <1for i=1, - - -, n, then X", ax;EW. We choose an
inner product in g such that the x,, - - -, x, are orthonormal. Let gn be the
Lie algebra of Gm, let Ym1, * * *, Yms(m) be an orthonormal basis for gn.. Let b
be a number, let {m} be a sequence in {m: dim Gmo=b} converging to some
moin M. Passing to a subsequence we can suppose that for 1 £4<lim sup s(m:)
the sequence { Ymi: k=0a,a+1,a4+2, - - - } converges to an element z; of W,
where a is a suitable positive integer. By continuity, the &, - - -, 3, are ortho-
normal and so linearly independent, where s = lim sup: s(m:) = lim
sups dim Gmyo. If || £1 then

exp(yzi)mo = li,'m exp(Yymii)me = lim my = my
E

and so exp(Y2:;) EGm, Thus exp(2;) EGmg, 2:Egmy and
(2.1) dim Gy = dim @y = s =lim sup dim Gp,o,
k

80 Mo {m: dim Gmo=b} and {m:dim Gm2b} is closed, which proves the
upper semicontinuity. It follows that the set V upon which dim G, assumes
its minimum is open; moreover, V is nonempty. We remark that if m &V
then there must be equality in (2.1) and so {z;, S z.} is a basis for gm, For
convenient reference we state this explicitly: If mE& V and my is a sequence in
V converging to m and if {yu,, “+ +, Y1} is an orthonormal basis for gm, then
there is a subsequence k(1), k(2), - - - such that lim, yip =2; exists for
1Sj<sand {2, - - -, 2,} is an orthonormal basis for g.

Suppose we can find a nonempty open subset Up of V and a compact
neighborhood N of e such that Gao XN =G.NN for m in U,. Let U be chosen
by Theorem 2, let m be in UNU,, let m; be a sequence in M converging to m,
let g be in G,. By the choice of U, there are sequences #n; and g such that
mEN, gEGn, and mgi—g. Passing to a subsequence if necessary, m—n
for some n in N. Thus gi—n~'g, n 'gEGn and so nEGaNN and nE&Gmo.
There are wy, - - -, , in g, such that n=exp(w;) - - - exp(w,), since exp(gm)
contains a neighborhood of the identity in Gm¢ and any such neighborhood
generates Gmo as a group. Applying the argument of the preceding paragraph
and passing to a subsequence of the sequence my, ms, « - *

w, = lim wy, 1Susy,
k

where w,; is a suitable element of gm,, and so
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g = libm exp(wu) - - - exp(ww)gs.

We have proved that there is a subsequence miq), mie), - - - of my, mq, - - -
and there are g; in Gu,, such that g;—g. The following lemma shows that
- the stability groups are continuous on UNU,, and since UNU,# &, the
proof of Theorem 3 will then be complete.

LEMMA 4. Let G and M satisfy the hypotheses of Theorem 1, let M be Haus-
dorff and let m be in M. Then the following are equivalent:

(1) The stability groups are continuous at m.

(2) For each g in G and each neighborhood N of e there is a neighborhood U
of m such that if pE U then gE NG,.

(3) If mi is a sequence in M comverging to m and if gE G, then there is a
subsequence miq), Miez), - * © and there is g; in Gmy,, such that g;—g.

We prove that such Uy and N exist. If T= D ; tix; and S= Y ; sx; are
in a suitable neighborhood of zero in g then exp(—S) exp(S+T)=exp(R)
where R= Y _; rix; and

f'o:f.-(sl’ cey Spy byt ')tn)
is an analytic function of s; and # such that r;(0, - - -, 0) =0. Also
o= rio(sy, - -+, Sn) 20 brii(ss, - - -, Sw)
i
2.2)
+ E titk’i‘lk(slr iy Smby o, tﬂ)
ik
where r4, 7;; and 7 are analytic functions. If 7=0 then R=0,
0=risy, - ,5,0,--,0) =ro(s, -+, s
and so0 r;0=0. If S=0 then R=T and so
"'J'(OJ tt 0) = iy
’t’ik(o" ce, 0, - ',t,.) = 0.

Thus we can find a positive € such that the functions in (2.2) are defined and
analytic and such that

| "'i(sly C, Se) — 8:’;" < 1/6713,
l"t'ik(slr C oty Sayly ey, [ﬁ)| < 1/6n8,
if [so], || Sefor 150, 7S,
Let K be a compact subset of V with a nonempty interior U, Suppose
that there is no neighborhood N of e such that for m in Uy, Gme NN =G,.NN.
Then there is a sequence m, in Up converging to some m in K and a g, in

Gm,~Gmy such that go—e. For sufficiently large ¢ we can write g,=exp(¥,)
and we can write ¥, =S5,+ T, where S;€gm, and T, 1gn,. (Recall that g has
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the inner product in which the family {, - - -, x4} is orthonormal.) We
can choose ¥, so that ¥;—0 and then S,—0 and T';—0 also. If Sg= D ; sie%s
and To= 2 :tig%: then we let Ry= Y rigx; be the element of g whose co-
ordinates r;, satisfy

Tig = "'(slq) Tty Sngybigy 0y tﬂc)o
Since
exp(R,) = exp(—S,) exp(¥,),

exp(Rq) EGmq.
For sufficiently large ¢,

|’t‘¢ - t,-,,' = Z I'ii(slm Sy Sng) — 56:" Sl;P |tiq|

j
+ Zk | 7iit(S1gy * ) Sngy brgy * 7 tnq)l sgp lticl
i,

= (sx:p |t,-,,| )/Sn

1R~ 7l = (sup Ll ) /3 2 5,

where || || = (2 yi)2if Y= 3, yix:Eg, and so 2| Tl/3s||R | =4 Tdl/3.
We write R,=P,+Q, where P,Eg.? and QgLlgnd Then ||P|| =||R,— T4
é” T,” /3 since P, is also the orthogonal projection of Rg— T onto gm,. It
follows that || Q4| =|| T4l|/3.

Let (p(g))~! be the smallest integral power of 2 which is greater than
" T,,". Such a power exists since go&EGmpo, ¥, gm, and T,#0. Since T,—0,
(p(9))7*—0 and p(g)— = ; also S

1/2 = lo@ Tl < 1,
1/3 < [lo(g) R < 4/3.
Passing to a subsequence of the ¢'s, we can suppose that p(¢) R, converges to

a nonzero element R of g. If § is any diadic rational then for sufficiently large
g, p(g)d is an integer and

Thus

exp(6R)m = lim exp(dp(q) Ry)m, = lim m, = m,
q q

since exp(Ry) €EGnm,. Thus exp(¢§R) EGw, for each real £ and so REgm. How-
ever, it follows from the second paragraph of this proof that p(g)Q,, the
orthogonal projection of p(¢q) R, onto g,ﬁ‘, tends to the orthogonal projection
of R onto g2. This projection must be zero since RE g but it must be nonzero
since
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llo(@Qdl 2 |le(@)Tdl|/3 = 1/6.

This is a contradiction and so the required neighborhood N of e must exist.

Proof of Lemma 4. (3)=(2): We assume the denial of (2). There is a g in
Ga and a neighborhood N of e and we can find a sequence $ in M converging
tom such that g NG,, fork=1,2, - - - . Then N-gNG,,=F fork=1,2, - - -
and so there cannot exist a subsequence k(1), 2(2) of the integers and g in
Gy, such that gi—g. This proves the denial of (3).

(2)=(1): We assume the denial of (1). There is a g in G, a neighborhood
N of e, a sequence m; in M converging to m and an infinite set K of integers
such that for k in K, NgNGpm,= . This implies gcE N-'Gn, for k in K and
so there is no neighborhood U of m such that for p in U, gEN—!G, and this
proves the denial of (2).

(1)=(3): This is obvious.

This completes the proof of Theorem 3.
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